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Abstract
Radiative corrections to e+e−→W+W− from Majorana neutrinos are studied
in the context of the see-saw mechanism. Focusing on the effects of the fourth
generation neutrinos, we calculate W-pair form factors, the differential cross sec-
tions and the forward-backward asymmetries for the polarized electrons at one-loop
level. The behaviour of the form factors at the threshold of Majorana particle pair
productions is found to differ from that of Dirac particle pair productions. In the
cross section for unpolarized electrons, the radiative corrections, depending on the
mass parameters of the see-saw mechanism, are found to be ∼ 0.5% at the energy
range of the LEP200 and the next generation linear colliders.
Submitted to Physics Letters B
Precision experiments can probe new physics beyond the standard model, because
heavy particles do not necessarily decouple in low-energy processes [1]. In the processes
e+e−→ ff observed at the current colliders (LEP, SLC), the dominant effects of heavy
particles appear only in the corrections to the self erergies of gauge bosons. These effects
can be summarized into three parameters S, T and U [2] or ǫ1, ǫ2 and ǫ3 [3], which have
been estimated in various models. On the other hand , in the process e+e−→ W+W−
which is the most important process in the LEP200 experiments, the effects of heavy
particles appear not only through the self energies of gauge bosons but also through the
trilinear gauge vertices AW+W− and ZW+W−. Radiative corrections to this process
in the standard model with heavy Dirac fermions or heavy scalars have already been
studied [4]. In this letter we investigate radiative corrections to e+e− → W+W− from
heavy Majorana neutrinos in the context of the see-saw mechanism [5]. Focusing on the
fourth generation neutrinos, we calculate W-pair form factors and the differential cross
sections for the polarized electrons and W bosons at one-loop level.
We consider a model containing the fourth generation leptons having no mixing with
other generations [6]. Recent measurements at LEP and SLC do not rule out the existence
of the fourth neutrino but constrain its mass to be greater than 45 GeV. We assume the
following mass term for the neutrinos
Lmass = −1
2
(NL N cR)
(
0 mD
mD MR
)(
N cL
NR
)
+ h.c.,
where N c = CN
T
is the charge-conjugated state of N . We expect that the Dirac masses
of neutrinos mD generated by the vacuum expectation value of ordinary Higgs bosons
are comparable to the masses of their charged lepton partners ME. On the other hand,
the right-handed Majorana mass MR originates from “beyond the standard model”. In
order to get positive mass eigenvalues, we diagonalize the mass matrix and perform the
chiral transformation. The result is given by
Lmass = −1
2
(N1 N2)
(
M1 0
0 M2
)(
N1
N2
)
,
where (
N1
N2
)
=
(
iγ5c −iγ5s
s c
)(
NL +N
c
L
NR +N
c
R
)
,
M1,2 =
1
2
(
√
M2R + 4m
2
D ∓MR),
tan θ =
M1
mD
= (
M2
mD
)−1 (M1 < M2),
2
where s = sin θ, c = cos θ. In the fourth generation the smaller mass eigenvalueM1 should
be greater than 45 GeV. Moreover, the Dirac mass mD is bounded above because of the
requirement of triviality; mD is of the order of the weak scale. Consequently, it turns
out that the Majorana mass MR cannot be so large, and the two mass eigenvalues M1
and M2 are also the same of order of magnitude, i.e., the see-saw is almost balancing in
the heavy neutrino sector. In this case, the existence of the right-handed Majorana mass
MR affects various weak processes through the large left-right mixing. Contributions to
S and T parameters in this model have already been calculated and turned out to be
negative when tan θ ∼ 0.4 [7, 8]. We will pay attention to this Majorana mass region,
because the precision mesurements at LEP favor negative values for S and T [9].
With the self-conjugacy of the majorana fields N1 and N2 under the charge conjuga-
tion operation, the fermion currents can be written in terms of mass-eigenstates,
JQµ = Q
EEγµE,
J3µ = I
E
3 Eγµ
1− γ5
2
E + IN3
(
−1
2
c2N1γµγ5N1 − 1
2
s2N2γµγ5N2 + iscN2γµN1
)
,
J+µ =
1√
2
(
−icN1 + sN2
)
γµ
1− γ5
2
E,
J−µ =
1√
2
Eγµ
1− γ5
2
(icN1 + sN2) , (1)
where E refers to the charged lepton field. We note that the Z coupling to neutrinos
with the same masses is axial vector, while it becomes a vector coupling when mixing
the neutrinos with different masses.
We now consider the radiative corrections to e+e−→ W+W− at one-loop level. Be-
cause the mixing between heavy leptons and an electron is probably small and negligible,
if it exist, the radiative corrections appear dominantly in the self energies and the cor-
rections to the trilinear vertex corrections of gauge bosons. These corrections belong to
“oblique” ones [1]. A renormalization program for oblique corrections is proposed by
Kennedy and Lynn on the concept of effective lagrangian [1]. The extension of their
formalism to the process of e+e−→W+W− is given by Ahn, Peskin, Lynn and Selipsky
[4]. They express the s-channel amplitude at one-loop level for on-shell W bosons with
running coupling constant e∗, the running wave-function renormalization constant of W
boson ZW∗ [1] and the vertex function Γ
µαβ into which A and Z vertices are combined:
M1−loops = −
ie2
∗
P 2
ZW∗vγµuΓ
µαβε∗α(q)ε
∗
β(q),
where P, q and q are momenta of V, W− and W+, u and v are spinors of e− and e+ and
εα(q) and εβ(q) refer to the polarization-vectors of W
− and W+, respectively.
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Here, we define the modified vertex function Γ
µαβ
= ZW∗Γ
µαβ and express it in terms
of W-pair form factors fV=A,Zi and canonical Lorentz structures Ti, following Hagiwara
et al. [10]. (In ref. [4], ZW∗ is omitted in the definition of W-pair form factors and is
multiplied to the cross sections afterward as the overall factor.)
Γ
µαβ
=
7∑
i=1
(QfAi +
I3 − s2∗Q
s2
∗
P 2
P 2 −m2Z
fZi )T
µαβ
i ,
T µαβ1 = (q − q)µgαβ, T µαβ2 = −
1
m2W
(q − q)µP αP β,
T µαβ3 = P
αgµβ − P βgµα, T µαβ4 = i(P αgµβ + P βgµα),
T µαβ5 = iǫ
µαβρ(q − q)ρ, T µαβ6 = −ǫµαβρPρ,
T µαβ7 = −
1
mW
(q − q)µǫαβρσPρ(q − q)σ,
where s∗ is the running weak mixing angle defined by Kennedy and Lynn, Q and I3 are
the charge and the isospin of e−, respectively, and we use the Minkowskian convention
with ǫ0123 = 1. Form factors can be written in terms of the self energies ΠXY and the
vertex corrections ΣiX
fA1 = 1 + g
2
∗
[Σ1Q +Π
′
11],
fZ1 = 1 +
g2
∗
c2
∗
[(Σ13 − s2∗Σ1Q) + c2∗Π′11] +
M2Z∗ −m2Z
P 2 −m2z
,
fA3 = 2 + g
2
∗
[Σ3Q + 2Π
′
11],
fZ3 = 2 +
g2
∗
c2
∗
[(Σ33 − s2∗Σ3Q) + 2c2∗Π′11] + 2
M2Z∗ −m2Z
P 2 −m2z
,
fAi = g
2
∗
[ΣiQ],
fZi =
g2
∗
c2
∗
[(Σi3 − s2∗ΣiQ)], i = 2, 4, 6, 7, (2)
where we adopt the notation of ref. [4], g∗ and MZ∗ is the running coupling constant
and the running Z boson’s mass defined by Kennedy and Lynn, respectively, and Π′11 ≡
Π′11(m
2
W). These form factors, especially in the limit of low energies, are controled by
gauge or global symmetries [4, 10, 11, 12].
Using the currents in eq.(1), we can now calculate the one-loop corrections in eq.(2)
due to the leptons in the fourth generation. First, we present the expressions for the self
energies
16π2ΠQQ = −(QE)28P 2[1
6
ǫ−1 − b3(P 2,M2E,M2E)],
4
16π2Π3Q = −(QEIE3 )4P 2[
1
6
ǫ−1 − b3(P 2,M2E,M2E)],
16π2Π33 = −(IE3 )2[4P 2{
1
6
ǫ−1 − b3(P 2,M2E,M2E)} − 2M2E{ǫ−1 + b0(P 2,M2E,M2E)}]
− (IN3 c2)2[4P 2{
1
6
ǫ−1 − b3(P 2,M21 ,M21 )} − 4M21{ǫ−1 + b0(P 2,M21 ,M21 )}]
− (IN3 s2)2[4P 2{
1
6
ǫ−1 − b3(P 2,M22 ,M22 )} − 4M22{ǫ−1 + b0(P 2,M22 ,M22 )}]
− 2(IN3 c2)(IN3 s2)[4P 2{
1
6
ǫ−1 − b3(P 2,M21 ,M22 )}
−(M1 −M2)2{ǫ−1 + b0(P 2,M21 ,M22 )}
+(M21 −M22 ){b1(P 2,M21 ,M22 )− b1(P 2,M22 ,M21 )}],
16π2Π11 = −c2[2P 2{1
6
ǫ−1 − b3(P 2,M21 ,M2E)} −
1
2
(M2E +M
2
1 )ǫ
−1
+M21b1(P
2,M21 ,M
2
E) +M
2
Eb1(P
2,M2E,M
2
1 )}]
− s2[2P 2{1
6
ǫ−1 − b3(P 2,M22 ,M2E)} −
1
2
(M2E +M
2
2 )ǫ
−1
+M22b1(P
2,M22 ,M
2
E) +M
2
Eb1(P
2,M2E,M
2
2 )}], (3)
where ǫ−1 is the divergence of the dimentional regulatization, ǫ−1 = 2/(4−D)−γ+ln2π.
The vertex corrections can be written as follows
ΣQ =
1
2
QEc2[H(P 2,M2E,M
2
E,M
2
1 )−G(P 2,M2E,M2E,M21 )]
+
1
2
QEs2[H(P 2,M2E,M
2
E,M
2
2 )−G(P 2,M2E,M2E,M22 )],
Σ3 =
1
2
IE3 [c
2H(P 2,M2E,M
2
E,M
2
1 ) + s
2H(P 2,M2E,M
2
E,M
2
2 )]
− 1
2
IN3 [c
4{H˜(P 2,M21 ,M21 ,M2E) + G˜(P 2,M21 ,M21 ,M2E)}
+s4{H˜(P 2,M22 ,M22 ,M2E) + G˜(P 2,M22 ,M22 ,M2E)}
+2s2c2{H˜(P 2,M21 ,M22 ,M2E)− G˜(P 2,M21 ,M22 ,M2E)}]. (4)
The functions H and G in the above expression are
16π2H(P 2, m21, m
2
2, m
2
3) = T0[−
2
3
ǫ−1 + c0 + c1 − m
2
W
µ2
(c4 − c5)− P
2
µ2
(c6 + c7)]
+ T2[−4m
2
W
µ2
c7]
+ T3[c0 − 3c1 − m
2
W
µ2
(2c3 − 5c4 + 3c5) + P
2
µ2
(c6 + 3c7)]
+ T5[c0 − 3c1 + m
2
W
µ2
(c4 − c5)− P
2
µ2
(c6 − c7)],
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16π2G(P 2, m21, m
2
2, m
2
3) = (T0 − T3 + T5)[
m1m2
µ2
(c2 − c3)]. (5)
Here T0 ≡ T1+2T3 is the only Lorentz structure at tree level, µ is a reference point and the
ci have arguments (P
2, m21, m
2
2, m
3
3). We ommit gauge anomaly terms in eq.(5), because
they should cancel themselves if we consider the full fourth generation. The functions H˜
and G˜ are obtained by reversing the sign of T5 in eq.(5). The reduced Passarino-Veltman
functions bi(P
2, m21, m
2
2) and ci(P
2, m21, m
2
2, m
3
3) in eq.(3) and (5) [4, 13] are defined as
folows
[b0,b1,b3] =
∫
dxdyδ(1− x− y) ln(D2/µ2)[−1, x, xy],
[c0, c1] =
∫
dxdydzδ(1− x− y − z) ln(D3/µ2)[1, z],
[c2, c3, c4, c5, c6, c7] =
∫
dxdydzδ(1− x− y − z)(µ2/D3)
×[1, z, z2, z3, xy, xyz],
D2 = −xyP 2 + xm21 + ym22 − iǫ,
D3 = −z(1 − z)m2W − xyP 2 + xm21 + ym22 + zm23 − iǫ. (6)
We note that Lorentz structures T4, T6 and T7 disappear in eq.(5). The W-pair form
factors corresponding to these Lorentz structures are CP variant [10], and hence should
vanish explicitly in CP conserving models such as we consider here. We also note that
the threshold behaviour of the form factors for N1s’ (N2’s) pair production and for N1-
N2 production are different. In the self energies, this difference can be seen easily from
eq.(3), as a differnce in the power of βij ; βij ≡ [1− (Mi+Mj)2/P 2]1/2. The leading terms
of Π33 at N1s’ (N2’s) pair production threshold and at N1-N2 production threshold are
proportional to β311(22) and β12, respectively [14]. We will discuss the threshold behaviour
of the form factors containing the vertex corrections afterward.
Now, we peform the numerical calculations using the method in ref [15]. We fix the
following parameters to the values at energy scale of mZ:
α−1
∗
=
4π
e2
∗
= 128.0, s2
∗
= 0.2319, mZ = 91.187 [GeV],
where we neglect the running effects of e∗, s∗ [1, 2]. We also set mW = 80.22 [GeV].
The real parts of the corrections to W-pair form factors ∆fZi=1,2,3,5 from heavy neu-
trinos and charged leptons are shown in fig.1(a) and 1(b), where neutrinos are Dirac and
Majorana particles, respectively. The form factors ∆fA,Z2 are quite small, as can be seen
in fig.1, since these form factors correspond to the dimension 6 operators [4, 10]. There-
fore the radiative corrections due to the heavy fermions mainly appear in the other form
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factors. We can see cusps in the ∆fZ1,3,5-lines at the Dirac neutrino threshold in fig.1(a)
and in the ∆fZ5 -line at N1-N2 threshold in fig.1(b). The enhancement at N1-N2 threshold
is very small because of the small couplings including the mixing angle in eq.(1). On
the other hand, ∆fZ1,3,5-lines are not cusped at N1-N1 threshold as seen in fig.1(b). In
self energies, as mentioned above, the difference of threshold behaviours depending on
the neutrino types has been checked analytically. Numerical calculations including ver-
tex corrections also suggest that threshold behaviours are scalar-like for N1’s (N2’s) pair
production, but Dirac fermion-like for N1-N2 production. This is caused by the difference
in the coupling types between ZN1N1 (ZN2N2) and ZN1N2 in eq.(1). It is also helpful
to recognize that the two Majorana particles of the same kind (N1-N1 or N2-N2) are
produced by the p-wave from the spin 1 photon or Z boson, in the same manner as the
scalars’ pair production, whereas the different kinds of neutrinos (N1-N2) are produced
by the s-wave, which happens in the ordinary Dirac fermions’ pair production. The dif-
ference appeared in the threshold behaviours may be understood as β2l+1 for the l-th
wave with the relative velocity β.
Next, we present the results on the differential cross sections dσ/d cosΘ and the
forward-backward asymmetries AFB. Since the vertex corrections, on which we concen-
trate in this paper, appear only on s-channel gauge boson exchange diagrams, we plot
dσ/d cosΘ and AFB for right-handed polarized electrons in fig.2 ∼ fig.4. Hereafter we
consider the full fourth generation with degenerate quarks, and set MU = MD = ME =
500[GeV], where MU, MD and ME are masses of up-type quark, down-type quark and
charged lepton, respectively. In fig.2, we plot the differential cross section dσ/d cosΘ at
scattering angle Θ = pi
2
in units of the point cross section 1R = 4πα2
∗
/3s with s = P 2 and
α∗ = 1/128.0. We find that the differntial cross sections depend on the neutrino types,
i.e., Majorana neutrino or Dirac neutrino, and their masses, although no sizable peaks
can be seen except for the charged particles’ pair production threshold. The anguler
distribution of the differntial cross section is shown in fig.3. At any scattering angle, the
heavy fermions make the correction less than about 1% at
√
s = 170 [GeV] and less than
about 4% at
√
s = 300 [GeV]. In fig.4 we plot the forward-backward asymmetry AFB
for e+L e
−
R→W+W− with unpolarized final W’s, in the angular range | cosΘ| ≤ 0.98. For
this initial polarization , AFB is controled by two form factors f
A
5 and f
Z
5 which vanish
at tree level. At one-loop level, these form factors also vanish when we consider a full
generation with degenerate Dirac fermions. (Note that the functions H˜ and G˜ in eq.(4)
are obtained by reversing the sign of T5 in eq.(5).) Hence the non-vanishing AFB is solely
due to the Majorana mass MR in line(B) or due to the Dirac mass spliting in line(D).
To discuss the observability of the radiative corrections at LEP200 or at the next
generation linear colliders, we estimate the cross section for unpolarized electrons. At
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tree level, the cross section σ in the angular range | cosΘ| ≤ 0.98 is 16.80 [pb] at√s = 175
[GeV] and 11.45 [pb] at
√
s = 300 [GeV]. The effect of radiative corrections is 0.6 ∼ 0.7%
at both energies. At LEP200 with an integrated luminosity of 500 [pb−1], it is difficult to
measure the deviation from the tree level value. However, at the next generation linear
colliders with
√
s = 300 [GeV] ∼ 1.5 [TeV] and an integrated luminosity of 5×104 [pb−1],
the deviation depend on the neutrino types and their masses will be mesureable.
In summary, we have investigated the one-loop corrections due to the heavy Majorana
neutrinos in the process e+e− → W+W− which will be seen in LEP200 and the next
generation linear colliders. We have estimated W-pair form factors in terms of reduced
Passarino-Veltman functions. We have found that the threshold behaviour of these form
factors is scalar-like for a pair of light neutrinos (N1-N1) or a pair of heavy neutrinos
(N2-N2) production, while that is Dirac fermion-like for light and heavy neutrinos (N1-
N2) production. We also have estimated the differential cross section and the forward-
backward asymmetry, numerically, and have found them depending on the Dirac mass
and the mixing angle in the see-saw mechanism even at low energies. The deviation of
the cross section from the tree level one will be measurable at the next linear colliders.
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Figure Captions
fig.1 Correction ∆fZi=1,2,3,5 to W-pair form factors due to the fourth generation leptons
as a function of
√
s.
Fig.1(a) is given for the Dirac neutrino N with MN = 200 [GeV]. Fig.1(b) is given
for the Majorana neutrinos N1 and N2 with M1 = 200 [GeV] and M2 = 1250 [GeV]
(mD = 500 [GeV] and tan θ = 0.4). We set the charged lepton mass ME at 500
[GeV] in the both figure.
fig.2 Differntial cross section dσ
d cos Θ
for e+L e
−
R→ W+W− at scattering angle Θ = pi2 as a
function of
√
s.
The dotted line (A) shows the differntial cross section at tree level. The solid line
(B), the dashed-and-dotted line (C) and the dashed line (D) include the corrections
due to the quarks and the leptons of the fourth generation at one-loop level. The
line (B) is depicted for the Majorana neutrinos N1 and N2 withM1 = 200 [GeV] and
M2 = 1250 [GeV]. The line (C) and the line (D) are shown for the Dirac neutrino
N with MN = 500 [GeV] and 200 [GeV], respectively.
fig.3 Angular distribution of the differntial cross section dσ/d cosΘ for e+L e
−
R→W+W−.
Fig.3(a) and 3(b) are at
√
s = 175 [GeV] and 300 [GeV], respectively. The values
of the masses in (A),(B),(C) and (D) are the same as those in the corresponding
curves in fig.2.
fig.4 Forward-backward asymmetry
AFB =
∫ 0.98
0 d cosΘ
dσ
d cosΘ
− ∫ 0
−0.98 d cosΘ
dσ
d cosΘ∫ 0.98
0 d cosΘ
dσ
d cos Θ
+
∫ 0
−0.98 d cosΘ
dσ
d cos Θ
for e+L e
−
R→W+W− as a function of
√
s.
The values of the masses in (A), (B), (C) and (D) are the same as those in the
correponding curves in fig.2.
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